Abstract: The influence of gradation and particle shape on the small-strain Young's modulus of dry sands is investigated through a comprehensive set of resonant column tests in the flexural mode of vibration. Experiments are performed on an array of sands with different coefficients of uniformity and particle shapes. The effect of gradation is investigated using tests on sands with similar particle shapes. The effect of particle shape is then examined through the experimental results on sands with a range of particle shapes. A new model is developed to incorporate the effects of gradation and particle shape into the prediction of the small-strain Young's modulus. The proposed model is verified and compared with the existing models in the literature using the state parameter in the critical state soil mechanics framework. It is shown that the proposed model outperforms the previous ones considering the significant effect of particle shape on the small-strain Young's modulus. Using the theory of elasticity, a model is developed for the prediction of Poisson's ratio for sands taking into account the effects of particle shape and gradation.
Introduction
Dynamic properties of soils, particularly shear modulus and Young's modulus, are the key parameters in the evaluation of soil deformations in geostructures subjected to static and dynamic loading. Of particular interest for geotechnical engineers is the value of these parameters at the small-strain level, i.e., less than 10 −3 %. Despite many studies reported in the literature on the investigation of the small-strain shear modulus (G max ) of sands (Senetakis et al. 2012; Xu et al. 2014; Payan et al. 2016; Hong et al. 2016) , only a few have been conducted on the primary wave velocity and the small-strain Young's modulus (E max ) of granular materials (Leong and Cheng 2016) . Hardin and Richart (1963) performed resonant column tests on Ottawa sand and observed that the isotropic confining pressure and soil density have significant influences on the small-strain Young's modulus of sands. Similar observations have also been made by other reseachers (Lewis 1990; Lee 1993; Saxena and Reddy 1989; Menq 2003; Gu et al. 2013) leading to a general equation for the variation of E max with respect to void ratio and isotropic confining pressure as
where f ðeÞ = void ratio function; p 0 = isotropic confining pressure; p a = atmospheric pressure; and C and a are model parameters. Numerous void ratio functions have been proposed in the past for the variation of stiffness with soil density, with the expressions proposed by Hardin and Richart (1963) and Jamiolkowski et al. (1991) among the most widely used in the literature. Model parameters C and a have in turn been correlated primarily to the coefficient of uniformity (C u ) of soil (Menq 2003; Triantafyllidis 2009, 2010) . However, experimental results have shown that the coefficent of uniformity cannot fully capture the effect of sand properties on soil stiffness (Senetakis et al. 2012; Payan et al. 2016) . In particular, sand particle shape, which controls the micromechanical interactions between the particles, is considered to have a marked influcence on the mechanical behavior of granular soils (Cho et al. 2006; Senetakis et al. 2012 Senetakis et al. , 2013 Payan et al. 2016) . Both particlesize distribution and shape are essential components of the granular skeleton that must be considered to fully capture the behavior of sands (Cho et al. 2006; Payan et al. 2016; Wang et al. 2016) . Nevertheless, there currently exists no specific study of E max that captures the effect of particle shape in a systematic and consistent manner. The current models of E max for sand are indeed derived based on test results for a particular sand with a specific particle shape, hence, lacking generality and applicability for a range of soils encountered in practice. In this study, an experimental investigation is performed to study the effect of grain-size distribution and particle shape on small-strain Young's modulus of dry sands. An extensive array of resonant column tests in the flexural mode of vibration is performed on sands with different grain-size characteristics and a variety of particle shapes, ranging from very angular to fairly rounded, and at different initial void ratios and isotropic confining pressures. A new model is proposed to predict the small-strain Young's modulus of dry sand incorporating the effects of grainsize distribution properties and particle shape. The model is verified using the state parameter concept based on the critical state soil mechanics framework and is shown to be superior to the previous models of E max reported in the literature. In addition, using the theory of elasticity and using the contribution of Payan et al. (2016) for G max , an expression is developed and verified for Poisson's ratio of sands taking into account the effects of particle shape and gradation.
Development of a New Model for E max
Following Eq. (1) and adopting a power-type void ratio function, the general form of the small-strain Young's modulus model of sands can be expressed as
where the model parameters C, x, and a are considered a priori functions of particle shape and grain-size distribution parameters, i.e., through the effects of the mean grain size (d 50 ) and coefficient of uniformity (C u ). There is, however, strong experimental evidence that the effect of d 50 is negligible on the model parameters for sandy soils.
In the study performed by Menq (2003) , parameter x was found to be dependent on d 50 , but only when the mean particle size becomes greater than 2 mm. Similarly, the effects of particle shape and coefficient of uniformity have not been observed in the void ratio function in the evaluation of sand stiffness (Senetakis et al. 2012) . Therefore, the general form of the E max model [Eq. (2)] could be reduced to
where the effects of particle shape and gradation on C and a are decoupled for the ease of quantification. To find the dependency of model parameters C 1 , C 2 , x, a 1 , and a 2 to the grain-size distribution properties and shape of sand particles, a complete series of tests on different sands with a variety of gradations and shapes are required.
Experimental Work

Test Materials
To explore the influence of grain-size distribution and particle shape on small-strain Young's modulus of dry sand, several series of experiments were performed on eleven different sands covering a wide range of grain-size distributions as well as particle shapes. The basic properties of the test materials are summarized in Table 1 . The particle-size distribution curves of the soils are illustrated in Fig. 1 . Except for Blue Sand 4 (BL4), a wellgraded material (SW), the test soils are classified as poorly graded sands (SP) in accordance with the Unified Soil Classification System (USCS).
Particle-Shape Parameters
The particle-shape parameters of the test soils were captured using the notions of roundness (R), sphericity (S), and regularity (r ) (Krumbein and Sloss 1963; Cho et al. 2006) . Roundness is the ratio of the average radius of the surface features to the radius of the largest sphere inscribed in the sand particle, and sphericity is the ratio of the radius of the largest inscribed sphere in the particle to the smallest circumscribed sphere to the particle. Regularity is in turn the arithmetic average of roundness and sphericity (Cho et al. 2006 ). a All data used in determination of the variation of A and n with particle shape.
b Used in determination of the variation of x, A, and n with C u . For each individual sand, 30 particles were selected randomly for particle-shape analysis. These particles were carefully examined through an optical microscope, and their mean values for roundness (R), sphericity (S), and regularity (r ) as well as their corresponding standard deviations from the average values were calculated, which are summarized in Table 2 . The effect of particle subjectivity was ignored, and the particles were put under the microscope at their most stable position. To avoid tedious calculations, the particle-shape characterization chart proposed by Krumbein and Sloss (1963) and modified by Cho et al. (2006) was used to determine shape descriptor parameters based on visual examination of the soil particles. 
Sample Preparation
To prepare the samples, the soil grains were first washed through a No. 200 sieve to remove the fine-grained particles. Then, they were oven dried at 100°C for 24 h and left in ambient temperature for another 24 h to reach temperature equilibrium. The specimens, 50 mm in diameter and 100 mm in height, were prepared by vibration at dry state in five layers directly on the base pedestal of the apparatus. The vibration energy was controlled using a thin plastic rod to reach target initial void ratios. To achieve a uniform sample, the lower layers were prepared at a slightly looser state compared with the middle and upper layers.
Testing Procedure
A computer-controlled modified Stokoe-type resonant column apparatus (Cascante et al. 1998 ) was used to measure the resonant frequency of soil samples at both flexural and torsional modes of vibration. The device uses the fixed-free vibration configuration and is capable of vibrating the soil specimens in the range of medium frequencies (10-200 Hz) and small to medium torsional and flexural strains (10 −4 to 10 −2 %). After preparing the sample directly on the base pedestal of the resonant column apparatus, a small vacuum pressure of about 10 kPa was imposed from the bottom of the sample to hold the specimen in place. On application of an initial standing confining pressure, the vacuum was gradually removed and the sample was drained to avoid entrapment of pressurized air during the application of isotropic confinement. After each application of isotropic confining pressures, the specimens were subjected to a flexural mode of vibration at small strains over a wide range of frequencies to obtain the resonant angular frequency (v f ) of the sample, which caused the maximum flexural amplitude of vibration.
Based on the theory of elasticity, the angular resonant frequency (v f ) of a cylindrical cantilever beam subjected to the flexural mode of vibration is dependent on the mass (m), diameter (d), and length (L) of the beam as well as the properties of the attached masses at its free end. Similar to an elastic beam, based on Rayleigh's method, the angular resonant frequency of the soil sample in the flexural mode of vibration is correlated to the properties of sample and attached masses as follows (Cascante et al. 1998) :
where v f = angular resonant frequency in flexural mode of vibration obtained from resonant column tests; L = length of the specimen; m s = mass of the specimen; and I b = area moment of inertia of the specimen cross section about the vertical axis passing through the center of the sample (equal to p d 4 /64, where d is the diameter of the specimen). N in Eq. (4) is the number of masses attached to the top of the specimen, and f i is a nondimensional function associated with the mass m i attached to the top of the sample (porous disk, top cap, and drive mechanism); f i is defined in Eq. (5) for all masses except the drive mechanism; and h 0i and h 1i are the measured heights from the top of the soil specimen to the bottom and the top of the mass i, respectively. For the drive mechanism, the product m i f i in Eq. (4) is obtained separately from the calibration process. Eq. (4) was used to determine the E max of soils in this study.
Experimental Program
To evaluate the influence of grain-size distribution and particle shape on the small-strain Young's modulus of dry sand, a total of 29 series of resonant column tests on 11 different sands were performed. Details are summarized in Tables 1 and 2 . Sands BL1 to BL4 have similar particle shapes, but different particlesize distribution parameters (different C u ). Accordingly, these soils were used for the evaluation of the effect of gradation on the small-strain Young's modulus. The experimental results of all sands with different angularities were used to capture the effect of particle shape. This is elaborated in more detail in subsequent sections.
The testing program included a wide range of grain-size distributions and particle shapes tested at different void ratios and (Table 3 ). The initial void ratio of the samples ranged from 0.7 to 0.85. Each sample was subjected to isotropic confining pressures of 50, 100, 200, 400, 600, and 800 kPa, and void ratios at equilibrium were measured, which were used for the reduction of data. At each step of isotropic loading, resonant column tests were performed to measure the smallstrain Young's modulus. Fig. 2 shows the results of experiments in terms of the variation of the small-strain Young's modulus with void ratio for Blue sands (BL1 to BL4) with similar particle shapes but different gradations under an Note: l = slope of CSL; C = intercept of CSL at p 0 = 1 kPa. 
Results and Discussion
Definition of Void Ratio Function
It is noted that this function is very similar to the one suggested previously by Jamiolkowski et al. (1991) based on a totally different set of experimental data.
Dependency of Model Parameters C and a on C u (C 1 and a 1 )
To determine the dependency of model parameters C 1 and a 1 on C u , the results of all tests performed on different gradations of Blue sand (same particle shape) were normalized against f ðeÞ from Eq. (6) and plotted against the normalized confining pressure (p 0 =p a Þ. Typical test results for an initial void ratio of 0.75 are shown in Fig. 4 . In addition, the variations of the model parameters C 1 and a 1 obtained using the best-fit power function for all initial void ratios with respect to the coefficient of uniformity (C u ) are depicted in Fig. 5 . From this figure an increase in C u leads to an increase in a 1 and a decrease in C 1 . Adopting a power law function and the least-square error approach, the following expressions were obtained for the variation of C 1 and a 1 with C u : To evaluate the effect of particle shape on model parameters, it was first necessary to exclude the effect of other influencing parameters including void ratio and particle-size distribution (C u ) from the experimental results. To achieve this, the results were normalized by the void ratio function from Eq. (6) and plotted against the normalized confining pressure (p 0 =p a Þ. Once again, typical variations of the normalized small-strain Young's modulus against the normalized isotropic pressure for sands with different particle shapes at an initial void ratio of 0.75 are shown in Fig. 6 . Using the best-fit power trends passed through the data points, the model parameters C and a were obtained for all test sands, as depicted in Fig. 6 . These values were in turn normalized using parameters C 1 and a 1 obtained from Eqs. (7) and (8) to isolate the effect of particle shape on parameters C 2 and a 2 (Figs. 7 and 8) .
From these figures, despite some scatter in the data, C 2 and a 2 follow clear trends with respect to the particle-shape descriptor (r ). In this regard, C 2 increases while a 2 decreases as the regularity of the sand particles increases. The scatter in these trends may be attributed to the variability of particle shapes in a single representative sample. More precisely, the standard deviation shown in Table 2 for the particle shape of an individual type of sand is likely to be the source of the deviation of the data from a specific trend observed in these figures.
New Model for E max of Sands
Building on the correlations obtained for C 1 , a 1 , C 2 , and a 2 , the following general model is proposed for the estimation of the smallstrain Young's modulus of dry sand incorporating the effects of grain-size distribution and particle shape: 
Verification
The verification of a proposed model is typically performed through a simple comparison of predicted versus experimental results. Although this approach is widely used in the literature, as pointed out by Payan et al. (2016) , for cases in which a model is developed based on several state parameters (in this case e and p 0 ), it is possible to arrive at an expression that captures the combined effects of state parameters (i.e., on a measured property) but not their individual effects. This can lead to nonuniqueness of model parameters and incorrect representations of the soil state, limiting the applicability of the proposed model to specific cases only. To alleviate this deficiency, Payan et al. (2016) proposed the use of a state parameter as a measure of validity of expressions proposed for the small-strain behavior of sands. [State parameter (j ) is defined as the difference between the current void ratio (e) and the void ratio (e cs ) on the critical state line (CSL) at the current confining pressure.] Indeed, Payan et al. (2016) showed that many of the expressions proposed in the literature for the small-strain behavior of sands can predict the measured values with some level of accuracy, but significant error occurs when the results are plotted against the state parameter.
The basic premise behind using the state parameter as a measure of performance is that for a thermodynamic system at equilibrium, a set of independent parameters may be used to define the state of the system. A range of parameters can be adopted for this purpose in geotechnical engineering including void ratio, confining pressure, stress ratio, preconsolidation pressure, overconsolidation ratio (OCR), relative density, and so forth. Once a set of parameters is selected for the definition of the state, the remaining state variables will be redundant and can be used to examine the efficacy of the selected state parameters in capturing the state of the soil. This is exploited in this study to verify the validity of the proposed model in capturing the state of the soil, in addition to a direct comparison between measured and predicted values.
Three types of sands were tested independently at different initial void ratios and confining pressures to verify the proposed E max model. They include Sydney sand, also referred to as Kurnell sand, with subrounded to rounded particles; Bricky sand with subangular grains; and Crushed Blue sand with angular particles. All three soils were classified as poorly graded in accordance with USCS. The basic properties of the sands along with their critical state parameters To compare the performance of the proposed E max model with the previous models from the literature, three E max models developed by Saxena and Reddy (1989) , Menq (2003) , and Triantafyllidis (2009, 2010) were also used in the predictions. The essential features of these models are summarized in Table 5 .
Figs. 9-11 demonstrate the performance of the proposed E max model using the results for Sydney, Bricky, and Crushed Blue sands, respectively. Both simple comparison between the measured (E m max ) and estimated (E e max ) values of the small-strain Young's modulus, and the variation of the normalized small-strain Young's modulus, lnðE m max =E e max Þ, against a measure of the state parameter, ln(j þ 1), are presented. Also presented in each figure are the predictions using the models proposed by Saxena and Reddy (1989) , Menq (2003) , and Triantafyllidis (2009, 2010) . Even with a simple visual comparison, the newly proposed equation provides better predictions for all sands in all the cases considered compared with the three previously proposed models from the literature. In terms of the state parameter, the variation of the normalized E max with respect to ln (j þ 1) presents a large scatter and also specific trends for the three previous models, whereas it shows a much smaller scatter (around zero) for the newly proposed model. The large scatter of data for the previous models in terms of lnðE m max =E e max Þ versus ln(j þ 1) and also the trend and distribution of data points away from the zero coordinate clearly demonstrate the dependency of these models on the state parameter, which implies that the effects of void ratio and confining pressure on the small-strain Young's modulus are not accurately captured. Figs. 9-11 also show that of the three models from the literature the Menq (2003) and Triantafyllidis (2009, 2010) models provide the best predictions for sands with subangular to subrounded particles (Bricky sand), whereas the Saxena and Reddy (1989) model is the most suitable for sands with rounded particles (Sydney sand). However, none of these expressions is capable of delivering consistent and accurate predictions of E max for different 
Conclusions
The influence of gradation and particle shape on the small-strain Young's modulus of dry sand has been studied based on a series of resonant column tests at different densities and confining pressures on sands with various gradations and a wide range of particle shapes, from very angular to fairly rounded. Taking into account the significant effects of both grain-size distribution and particle shape, a new model has been proposed for the prediction of the small-strain Young's modulus of sands. The model is capable of estimating the small-strain Young's modulus of sands with any grain-size distribution and particle shape. For verification purposes, a direct comparison between measured and predicted data as well as the state parameter concept in the critical state soil mechanics framework have been adopted to rigorously and independently examine the performance of the proposed model. The new model has been shown to be considerably superior to three widely used models from the literature. Finally, using the theory of elasticity, a model for the estimation of the Poisson's ratio of sands as a function of confining pressure, coefficient of uniformity, and particle shape has been proposed.
Notation
The following symbols are used in this paper:
C ¼ model parameter related to the small-strain Young's modulus as a function of coefficient of uniformity and particle shape; C c ¼ coefficient of curvature; C u ¼ coefficient of uniformity; C 1 ¼ model parameter related to the small-strain Young's modulus as a function of coefficient of uniformity; C 2 ¼ model parameter related to the small-strain Young's modulus as a function of particle shape; d ¼ diameter of the specimen; d 10 ¼ grain diameter at 10% passing; d 30 ¼ grain diameter at 30% passing; d 50 ¼ mean grain size of sand; h 0i ¼ measured height from the top of the soil specimen to the bottom of the mass i; h 1i ¼ measured height from the top of the soil specimen to the top of the mass i; I b ¼ area moment of inertia of the specimen cross section about the vertical axis passing through the center of the sample; L ¼ length of the specimen; M max ¼ small-strain constraint elastic modulus; m i ¼ mass i attached to the top of the sample; m s ¼ mass of the specimen; N ¼ number of masses attached to the top of the specimen; p a ¼ atmospheric pressure; p 0 ¼ isotropic confining pressure; R ¼ roundness; S ¼ sphericity; x ¼ model parameter related to the small-strain Young's modulus as a function of coefficient of uniformity; C ¼ intercept of CSL; a ¼ model parameter related to small-strain Young's modulus as a function of coefficient of uniformity and particle shape; a 1 ¼ model parameter related to small-strain Young's modulus as a function of coefficient of uniformity; a 2 ¼ model parameter related to the small-strain Young's modulus as a function of particle shape; l ¼ slope of CSL; ¼ Poisson's ratio; j ¼ state parameter; r ¼ regularity; and v f ¼ angular resonant frequency in flexural mode of vibration.
